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Abstract 

We study the possibility of constructing a Frobenius manifold for the standard Landau-Ginzburg model 
of odd-dimensional quadrics Q2n+i and matching it with the Frobenius manifold attached to the quantum 

CO ' cohomology of these quadrics. Namely, we show that the initial conditions of the quantum cohomology 

Frobenius manifold of the quadric can be obtained from the suitably modified standard Landau-Ginzburg 

^^ ■ model. 

(N 

H . 
, ^ . 1 Introduction 

The idea of the Landau-Ginzburg model, LG model from now on, of a variety originated in the work 
^^ , of physicists. In studying conformal field theories over projective hypersurfaces, the zeros of a certain 

f^ ' function, they noticed that the function itself can be used to calculate various quantities in the theory of 

the hypersurface. This revealed a mysterious relation between smooth projective varieties and functions 
r^ ' with isolated singularities, the superpotentials, as they are called in the literature. We cite, out of many 

references, the work of D. Gepner, E. Witten, and T. Eguchi and his school as being very influential for 
mathematicians 'Gsj, |Wi) . |EgHoXi| . 
T^ , The LG models appeared in the mathematics literature for the first time probably in the work of A. Given- 

C^ ' tal jGi| . He has introduced the notion of the quantum differential equation associated to a smooth projective 

variety, and expressed its solutions for some classes of Fano varieties as oscillating integrals of a certain 
function, the "LG model" of these Fano varieties. 

Later the concept of the LG model became a part of the Homological Mirror Symmetry Conjecture, 
K^ which is due to M. Kontsevich. 

*vj , Despite a large volume of serious work of many people there is no commonly accepted definition of the 

^+ ' LG model for a given Fano variety. There is a number of examples of a LG model for Fano varieties but 

they are examples each in its own sense. 

In developing the theory of Frobenius manifolds, B. Dubrovin used two main sources of examples. The 
^^ \ first is the quantum cohomology of a smooth projective variety, just a variety from now on, and the other 

^D ' is the work of K. Saito [SaT, an important development of singularity theory, which produces a non-trivial 

example of a Frobenius manifold associated to a polynomial superpotential with an isolated singularity. This 
suggests another natural approach to finding the LG model for a variety X: one could look for a function 
on a non-compact manifold such that some generalization of the K. Saito construction would produce a 
Frobenius manifold isomorphic to the one the quantum cohomology of X produces. This approach to the 
LG model was detailed in the book of Yu. Manin |Ma| . It was actually made to work for the weighted 
C^ ' projective spaces in the papers of A. Douai and C. Sabbah [DoSalj . |DoSa2j . 

In this note we expand _DoSa2 by considering varieties which are not toric. Namely, we take one of the 
known in the literature Laurent polynomials which is believed to be the LG model for an odd-dimensional 
quadric (see [Ho Va| . [PrjV and investigate the possibility of making it an example of a LG model to the 
quadric in the sense of the Frobenius manifold structure. From now on we will refer to this potential as "the 
standard potential" . 

We attempted to formulate a rule for finding such a potential in general. In the case of the quadric as well 
as in some other examples available in the literature the partial derivatives of the standard potential reproduce 
partially the relations generated by the multiplications by the generator of the second cohomology. But here 
a problem arises: the standard potential may have fewer critical points than the rank of the cohomology of 
the variety it supposedly models, as is observed in the quadric setting. Therefore this LG potential has the 
wrong Jacobi ring and in terms of the corresponding Frobenius manifolds can't be the correct LG model. 
This problem for the LG model of the Grassmanians was pointed out in the paper |EgHoXi| a long time 



m 






ago. In the same paper it was suggested how to remedy the situation. One needs to search for a partial 
compactification of the domain of the standard potential to gain the required number of the critical points. 
There is no procedure for doing this in general at least as far as we know, but in the examples we have 
looked at, including the quadric, it was always possible to find such a compactification by trial and error. 
The compactification of the domain changes the superpotential and it is no longer a Laurent polynomial. 

We follow the generalization due to C. Sabbah and A. Douai of the K. Saito work. This reduces the 
problem of construction of a Frobenius manifold to studying the Gauss-Manin system associated to the 
potential. The first step is to solve the BirkhofF problem for the Gauss-Manin system at one point of the 
parameter space for the potential, to make sure it matches the initial conditions of the quantum cohomology 
Frobenius manifold of the appropriate variety. In the case of the quadric this can be done but with bit of 
an effort. With the kind help of C. Sabbah and A. Nemethi we check a certain property for our potential, 
the so called cohomological tameness, which helped a lot with solving the Birkhoff problem. 

For the final step, we need to build the Frobenius manifold in the neighbourhood of that one point in 
the parameter space which would automatically match the Frobenius manifold of the quadric. This amounts 
to finding a good deformation of our potential, and this in turn requires one to have a good hold on the 
behaviour of the potential at the infinity. It is not clear at the present time what the best method is to handle 
this purely analytic problem in its most general setting. There are, however, some sufficiency conditions - for 
example the so called M-tameness of the potential - that guarantee such behaviour. In the case of Laurent 
polynomial this property can be checked and is used in [DoSalj |DoSa2j . For a general regular function it 
appears to be a difficult analytical problem. We fail to check the M-tameness for our potential, however it 
seems interesting to us that proving the existence of the LG model hinges on the delicate analytical properties 
of the potential. 

Putting it all together, in this note we have proved that the standard potential for the quadric after a 
suitable modification defines the initial conditions of the quantum cohomology Frobenius manifold of the 
quadric. 

Throughout the whole text we restrict ourselves to the case of a three-dimensional quadric Qa for the 
sake of making the exposition compact. In fact, all the results hold for an arbitrary odd-dimensional quadric. 

Acknowledgements. First, we would like to thank Yu. I. Manin for initiating this project and sharing 
generously his ideas. We are indebted to C. Sabbah and A. Nemethi for the proof of LemmaHTO] and help 
with general questions about the subject of this paper. Special thanks go to P. Bressler and to E. Shinder 
for various discussions related to this work. 

Both authors benefited a lot from the excellent research environment of the MPIM, Bonn. Some part of 
this work was done while the second author visited the IHES, Paris whose hospitality is gratefully acknowl- 
edged. 

2 Background and notation 

2.1 Quantum cohomology. Here we very briefly recall some facts about quantum cohomology. For 
the general theory of Frobenius manifolds we refer to |Ma) , |He) , and references therein. 

Let X be a smooth projective complex algebraic variety and QH{X) its big quantum cohomology. If 
Ao, . . . A„ is a graded basis and xq, . . . ,Xn dual coordinates, then the quantum product is defined as 

A,oA^=^$,^-,/'A,, (2.1) 

k,l 

where $ is the Gromov-Witten potential, ^ijk — q^.q^^q^ i and g is the Poincare pairing on H — H*{X, C). 
The full structure of the quantum cohomology of X endows H with a structure of a Frobenius manifold. In 
fact, one needs to work with formal manifolds because $ is not known to be convergent. 

Disregarding convergence issues one can think of QH{X) as a family of multiplications on H parametrized 
by H itself, i.e. it is a multiplication on 7//, where we consider H as a complex manifold. Poincare pairing 
on H defines a constant pairing on Th which is multiplication invariant and flat. 



Under small quantum cohomology one means the restriction of the above picture to H'^{X, C) C H. In 
terms of coordinates it means that we reduce all our formulas modulo an ideal generated by coordinates dual 
to Aj's not lying in H'^{X,C). 

2.1.1 Spectral cover. Assume that H = H*{X, C) is of dimension one in each even degree and zero 
otherwise. In this situation one can consider an algebraic torus T C i?*, which is a locally closed subvariety 
of iJ*. Here H* is the dual of H. 

Namely, let Aq, . . . , A^ be a graded basis of H, such that Ao is the identity element, and consider 

H' = Spec {S'{H)) = Spec (C[Ao, . . . , A^]). 

In _ff* we have an afhne subspace {Aq = 1} ~ Spec (C[Ai, . . . , A^]), and inside this affine subspace we have 
the torus T — Spec (C[Aj^^, . . . , A^^]). This torus does not depend on the choice of Ai, . . . , A^ and will 
play an important role in construction of LG models. 

Equations that define the spectral cover Spec {QH{X)) as a subvariety oi H x H* are given just by the 
multiplication table. One of the equations is always Aq = 1. Hence, the spectral cover always lives inside 
the afhne space {Ao = 1} ~ Spec (C[Ai, . . . , A^]). 

One can summarize it in the diagram 



Spec {QH{X)) 




where i and j are embeddings. 

In some cases Spec {QH{X)) lies in H x T. For example, it is true for projective spaces (at least in the 
small quantum cohomology). It is not true for the case of odd-dimensional quadrics that we consider. 

2.2 Landau-Ginzburg models. Let X be a Fano variety and QH{X) its quantum cohomology. 

A Saito's framework (see [Ma. HI. 8]) is called a Landau-Ginzburg model for X iff it is isomorphic to 
QH{X) as a Frobenius manifold. 

Consider a pair {U, f) consisting of a complex smooth affine variety and a regular function on it. It 
is called a Landau-Ginzburg model for X iff there exists a deformation of (C/, /) and a Saito's framework 
attached to it which is isomorphic to QH{X) as a Frobenius manifold. 

These definitions are quite restrictive. One can relax both of them as follows. We require the existence 
of a point in QH{X) and a point in Saito's framework such that the germs of Frobenius manifolds at these 
points are isomorphic. 

2.3 Gauss-Manin systems. Here we will give a brief account on Gauss-Manin systems, Brieskorn 
lattices, higher residue pairings and Birkhoff problems. Mainly we will be setting up notation that we will 
use in Section |4] and refer to |Dolj . fDo2, for details. 

Consider a projective line with a chosen coordinate 9. We will denote it by P^. Let Pi — UqU Uoo be 
the standard open cover, i.e. Uo = Ag, Ui = Ag_i, and W = Uq Ci Uoo = Ag — {0}. Here K\ stands for 
Spec(C[0]) and {0} for {0 — 0}. Sometimes we will write r for 9^^ . We will use this notation when working 
with Gauss-Manin systems throughout the article. 

2.3.1 Definition. Let AT be a smooth affine variety of dimension n with a regular function h on it. 
The main example relevant for mirror symmetry: X = (G„i)" and h is a, Laurent polynomial. To such a 
function h one can attach its Gauss-Manin system 

G = rj"(A)[0, e-'^]/{ed - dhK)^'^-^{x)[e, e-\ 



which is a free C[9, 9 -"^J-module of finite rank with a flat connection V defined as follows. Let ^,- w^^' be a 
representative of some class 7 G G, i.e. 7 — [J2i^i^^]- Then 



6I^Vjl(7) 



Y^ huj,0' + Y^ iuj^e'-+'^ 



where the brackets [ ] denote taking class in G. 

It is a general fact that (G, V) always has a regular singularity at = 00 and possibly irregular singularity 
at 6* = of rank 2. 

2.3.2 Brieskorn lattice. At = the Gauss-Manin system (G, V) has a natural lattice 

Go = ve'{x)[e]/{ed - dhh)vi'^-^{x)[e], (2.2) 

the Brieskorn lattice of h. This means that Go is a C[6']-module such that Go ®c[e] C[^, 9^^] — G. 
The connection V naturally restricted (or extended) to Go has a pole of order 2 at ^ = 0, i.e. 

^'V^(Go)cGo. 

Abusing notation we will denote this meromorphic connection again by V. 

In general Go does not have torsion but may be not finitely generated. If h is cohomologically tame (see 
Section [2. 3. 6p . then it is finitely generated and free. Therefore, in the cohomologically tame case the pair 
(Go, V) gives a meromorphic extension of (G, V) to A^ with a pole of order 2 at the origin. 

2.3.3 Extension to ¥\. The aim is to find an extension of (Go,V) to a free Opi -module with a 
meromorphic connection on Pg with a pole of order less or equal to 1 at infinity. We will denote such an 
extension (J-", V). This type of question is known as the Birkhoff problem (cf. |SaH Ch. 4]). 

More concretely it means that we need to find a C[6'~^]-module Goo C G such that: 

. Go = (GonGoo)©0Go 
• rVjL(Goo) C Goo 

dr 

(recall that t ^ 9^'^). 

Even more concretely, and this is the way we will do it in Section |4l it can be done as follows. We need 
to find a C[6']-basis of Go such that the connection matrix in this basis takes the form 

^ + ^-1?. P-3) 



where Aq and A^o are constant matrices. To get the desired extension one just needs to consider these basis 
elements inside G and define Goo as a C[6'^^]-submodule generated by them. 

2.3.4 Pairing. If ft, is a cohomologically tame function, then there exists a non-degenerate bilinear 
pairing (cf. [DoSalj ) 

Sw:G(g)j*G^C[9,9-^], (2.4) 

where j : W ^- W is given by 6* M- —6*1^ 



^The inorphism j extends uniquely to a morphism Vg -+ Pg. Abusing notation wo will denote this niorphisni again by j, 
and we will use the same notation for its restrictions if it does not lead to confusion. 



It satisfies 

—5^(91,32) = Sw{drgi,g2) + Sw{9i,drg2), (2.5) 

i.e. it is a horizontal section of tlie sfieaf T-LoniQ^, {^w ® j*J^Wi Ow) equipped witli its natural connection, 
and 



Sw{9i.92)^{-lTSw{92,9i), (2.6) 



where we used the notation P{t,t ^) :~ P(—t, — t ^) for a Laurent polynomial P{t,t ^). 
Moreover, (j2.4p has the property 

Sw{Go,rG„) c rC[0] c C[9,9-^], (2.7) 

and therefore we get a natural extension 

Suo:Go<E>rGo^C[e]. (2.8) 

On Go we can write 

where Si : Go <8) j*Go -^ <C9'' are higher residue pairings of K. Saito; 5'„ is the Grothendieck residue pairing. 
For a modern overview of K. Saito's works on this subject we refer to [SaiTaj . 

Let (7^, V) be an extension as in in Section r2. 3.31 We would like to extend (|2.8p to a pairing 

S: T(E)j*T^Opi. 

There exists d e Z such that 5*14/ (Goo, J* Goo) C t^'^Ou^ and therefore (|2.8p always extends to 

S: T(g)j*T^Opi{-n-{0} + d-{oo}). (2.9) 

Here Opi{—n ■ {0} + d ■ {00}) is an invertible subsheaf of Kpi which consists of rational functions of Pj, 
generated by 6*" and t~'^. It is isomorphic to Opi if and only if d = n. The choice of d in (|2.9p is not unique 
but there exists the minimal possible d. 

By (|2.7p we know that d > n and therefore (|2.9p produces a pairing with values in Opi iff d = n. The latter 
condition is equivalent to the existence of a global basis ei, . . . , e^ of J^ such that Suoi£i\Uo^ ^jm ) ^ ^"C. 

2.3.5 y-filtration. Let X be a smooth algebraic variety, Y its closed smooth subvariety, and / the 
ideal sheaf of y in X. First define an increasing filtration V,Ox by putting ViOx = Ox if i > and 
ViOx — I^^ if I < 0. Now let V,Vx be an increasing filtration defined as 

V,Vx ^{PeVx\ P{VrnOx) C V„,+,Ox, V m G Z}. 

One can locally describe it more explicitly as follows (cf. }PeSt| ). Let (j/i, . . . , yn,x) be a local coordinate 
system on X such that in this neighbourhood Y is given by the equation a; = 0. Then VqDx is a subsheaf of 
rings of Vx locally generated by Ox, vector fields ^, . . . , -^ and x-g^. If we denote dx — -^, then ViVx 
is a Vbl^x-module generated by x^d^ with i — j > —k. 

Let A^ be a (left) 2?x-module and V,M a discrete exhaustive increasing filtration indexed by Q. It is 
called V -filtration iff 

1. it is compatible with the VtVx, i.e. [ViDx) [VaM) C Va+iM. for all a and i; furthermore, the 
inclusion / (VqM) C Vq_iM should be an equality for a < 0. 



2. the action of xdx + a on Gr^, M is nilpotent. 

If such a filtration exists, then it is unique (cf. [Buj ). 

The Gauss-Manin system G considered as a C[r](9T-}-niodulcl always has a F-filtration along {r = 0}, 
and pairing (|2.4I) satisfies 



5w(FoG,1/<iG)cC[r]. (2.10) 

For more details we refer to |DoSal| . 

2.3.6 Tameness. Let X be a smooth algebraic variety and h: X ^ A} & morphism. By a partial 
compactification we mean a commutative diagram 




where X is an algebraic variety (not necessarily smooth), j is an open embedding, and h is proper. 

The morphism h is called cohomologically tame iff there exists a partial compactification such that the 
support of ^j^_^{Rj*Cx) is finite and contained in Xa, for all a £ A^. We refer to |Sa2| for more details. 

2.4 Initial conditions. Let (Af, o, e, g, E) be a Frobenius manifold with an Euler field. In this setting 
one defines two endomorphisms of Tm as 

U{X)=EoX, V{X)^Vx{E)-^X, (2.11) 

where D is defined by Liesig) — Dg (see |Ma[ II. 1]). 

If p G Af is a semi-simple point of M, i.e. the algebra {TpM, o^) is semi-simple (isomorphic to C"), then 
in a neighborhood of this point the tuple (Af, o, e, g, E) is uniquely determined by the data 

(T, U, V, g, e), (2.12) 

where T = TpM, hi and V are endomorphisms of T induced by (j2.1ip . g is a non-degenerate symmetric 
bilinear pairing on T induced by the metric, and e is an element in T induced by the identity vector field. 
This follows from TC^, Main Th., p. 188] or [Sail Th. VII.4.2]. 

3 Construction of Landau-Ginzburg potentials 

We start by summarizing some facts about quantum cohomology of a smooth three-dimensional quadric Q3 
(see [BaMa] for details) . Then we explain how to obtain the standard LG potential for Qa from its quantum 
cohomology. As we already mentioned, this LG potential does not have enough critical points to be an 
honest LG model in the sense of Section [2. 2[ and we present its adhoc partial compactification. 

3.1 Quantum cohomology of Q3. Let V = Q3 he a, smooth Fano hypersurface in P^ which is given 
by a non-degenerate homogeneous polynomial of degree 2. The singular cohomology groups if*(y, Z) are 
free of rank one in each even degree and vanish in odd degrees. Consider a graded basis Aq, Ai, A2, A3 of 
if*(y,Z), such that Aq is the identity, Ai is the hyperplane class, Ai U A2 = A3, where A3 is Poincare dual 
to the class of a point. 



^This just means that we consider not G itself but its push-forward as a D-modulc with respect to the open inclusion 



The table of quantum multiplication by Ai in the small quantum cohomology is 



AiAo = Ai 
AiAi = 2A2 
A1A2 - A3 + qAo 
A1A3 = qAi. 



(3.1) 



Hence, the spectral cover consists of 4 reduced points 



Po = {1,0,0, -q) 
P^ = {l,^^,^,q), 



where ^i are roots of ^^ — Aq, and 1 < i < 3. The point Pq does not lie on the torus T (cf. Section [2.1. ip . 
3.1.1 Initial conditions. We can express the anti-canonical class as 

-Kv = 3Ai. 
In the basis of A,'s initial conditions take form 



/ 3g \ 



U 



3 
6 
V 



iq 

3 / 



and 



V 



/ 1 

0-1 








\ -2 / 

3.2 Standard LG potential. Restricting to the torus T we can rewrite system (|3.ip as 

2A2 



Ai = 
Ai = 
Ai = 



Ai 
A3- 



q 



A2 
gAi 

A3 ■ 



The above system can be rewritten as 





2A2 


Ai - 


Ai 


A2 


(A3 + g)2 


Ai 


2A2A3 


Ai 


q^ 



(3.2) 



It is easy to see that if we define 



2A2A3 2A2A3 



2A2 (A3 + qf 

^-^^+ aT + ^a^aT 



(3.3) 



then the system A^^^ = comcides with p.2p . In this sense / "integrates" the multiphcation table. 

We claim that p.3p is the standard LG potential for Q^ proposed in |EgHoXi| . Indeed, consider another 
coordinate system on the torus T = {A1A2A3 ^ 0} given by 

2A2 
Rewriting p.3p in terms of these coordinates we get 

/-'— fr^- <") 

which is exactly the LG potential proposed in loc.cit.. 

3.3 Compactification. By construction p.3|) has 3 critical points but a Landau-Ginzburg potential 
for Qa in the sense of Section [2^ must necessarily have 4 critical points. Below we will give an adhoc partial 
compactification of / to a new LG potential / which has the correct number of critical points. In Section |4] 
we will study the Gauss-Manin system of / and show that it desires this name. 

Consider the affine space A^ = SpecC[Yi, F2, ^3]- Expression (|3.4p gives a regular function on the torus 
{I1F2F3 7^ 0} C A'^. Functions x, y, z given by 

z = 1 

Yx 
define another coordinate system on this torus. Rewriting / in terms of these coordinates we get 

^'-■''^ + " + (.„-''i)(i + .) ' ("' 

One can interpret p.6p as a regular function on an open subvariety of A'^ = SpecC[a;,y, z] defined by 
{(xy — 1)(1 + z) 7^ 0}. The torus {Y1Y2Y3 ^ 0} is embedded into this space by formulas p.5p . 
It is easy to check that the critical locus of / consists of 4 points 

Po = (0,0,-2) and F, = (1^,,0), 

where ^f = 4q. 

3.4 General case. The above considerations work for an arbitrary smooth odd- dimensional quadric 
Q271+1 of dimension 2n + 1. Let Ao,...,A2„+i be a graded basis of iJ*(Q2n+i,Z), such that Aq is the 
identity, Ai is the hyperplane class, A^ — A^* for i < n, and A^ U A2ra+i_i = A2n+i, where A2n+i is 
Poincare dual to the class of a point. 

One can write down the quantum multiplication by Ai. Then one can show that 

r _ . A2 , , A„ 2A„+i A„+2 , , A2„ , (A2„+i + g)2 

/ — ^1 + -T— 



Ai A„_i A„ A„+i A2„-i 2A2„A2„+i 

is the analogue of (|3.3p . and 

n o 

/ ^2]y^{'2 + Z^) + -, 7T7-— ^ 7— T. 

^ [xyi...yn-l){l + zi)...[l + Zn) 

is the analogue of (|3.6p . 



4 Gauss-Manin system of / 

4.1 Notation. For convenience we repeat the partial compactification in a somewhat backwards order. 
Namely, consider A"^ ~ Spec C[a;, y, z\ and let U be the open subvariety defined by \{xy — 1)(1 + z) ^ 0}. On 
\J we have the regular function 

^~-^(^ + -)+ (.,-')(! + .) ' (4-1) 

which is our partially compactified potential p.6p . 
Consider functions Ai, A2, A3 on A^ given by 

Ai=y, A2 = ^(z + 1), ^^ = qxy-q, (4.2) 

which form a coordinate system on the subset {y 7^ 0} C A^^. The inverse coordinate change is given by 

A3 + g . 2A2 

x = -^, y = Ai, ^=^-1- (4.3) 

Let U be the intersection [/ n {y 7^ 0}. On [/ function (|4.ip can be rewritten in terms of Ai, A2, A3 as 

Formulas (I4.2p give an isomorphism of U with the algebraic torus Gj^ = SpecC[tj^^, ^3 1^3 ]j such that t^'s 
correspond to A^'s. Formula (|4.4p gives the LG potential before the compactification as in p.3p . 

4.1.1 Lemma. Function OTip is cohomologically tameli^ 
Proof. See Appendix A. ■ 

4.1.2 Lemma. The Gauss-Manin system G^ has the following properties: 
(i) G^ is a free C[0, 9^^]-module of rank 4; 

(ii) Gq is a free C[9]-module of rank 4- 

Proof. For both properties it is essential that / is cohomologically tame. 

(i) For a function with isolated critical points the module G is always free of finite rank. If, moreover, 
the function is cohomologically tame, then the rank is equal to the Milnor number ( [Do2) . Th. 5.2.3). In 
our case it is 4. 

(ii) For a function with (cohomologically) isolated critical points at infinity Corollary 5.2.6 of |Do2) states, 
that Go is free and of finite type iff the function is cohomologically tame. 

Applying this corollary to / we get that Gg is a free C[6']-module of finite rank. Hence, its rank equals 
to the dimension of the fiber at zero. Using Proposition 5.1.1 of |Do2] we see that the rank is equal to the 
Milnor number. ■ 

4.1.3 Lemma. The natural mornhism of Vw -''nodules G^ — > G' given by the restriction of differential 
forms from U to U is an isomorphism]^ 

Proof. Restriction of differential forms from U to U defines the morphism 



^It is also true that / has isolated singularities at infinity in the sense of [Do2) . 
"Recall from Section [23] that W = A^ - {0} 



which is injective but not surjective; it is the localization morphism given by inverting Ai. One can check 
directly that the induced morphism G^ -^ G^ on the Gauss-Manin systems is also injective. 

By Theorem 5.2.3 of po2j the rank of G^ is 4 (we use here that / has one isolated singularity at infinity). 

Consider the short exact sequence of Ovy-coherent P^y-modules 

^ G^ ^ G^ ^ Gf /G^ -^ 0. 

Since rk G^ = rk G^ the quotient is an Ovi^-module of rank zero. Therefore, by the standard fact that for 
a smooth algebraic variety X any Ox -coherent Px-module is a locally free Ox-niodule (see jBej . Lect. 2, 
l.a), we get that G^ jG^ is locally free of rank zero and hence vanishes. ■ 

4.2 Birkhoff problem. Conisder the following 3-form on U 

dx t\dy l\ dz 
^'^ {xy-\){z + iy 

and let uji = A^wq. Note also that 

dAi _ dAa . dAg 



Wo|C/ 



Ai 



A — ^ A 



If a; is a 3-form, then let [lS\ denote its class in Gq. In the above formulas by Aj we mean A^,^ and ^tm 
respectively. We will continue to use this notation, if it does not lead to confusion. 

4.2.1 Lemma. In G^ we have the following identities 

[A J^^c^o] = 
[A,A,/;,_.c^o] = 

Proof. Let us only prove the third identity for i ~ 2. The other cases are analogous. 
We have the following equality of differential forms 

A^/;.-o = -ci/A(A,^A^), 

hence [Alf'^^ujo] = 0[iO2] in G^. ■ 

4.2.2 Lemma. Elements [ujq], . . . , [wa] are C[6]-linearly independent in Gq . 

Proof. The vector space Gq/6Gq can be identified with the Milnor ring by mapping 1 to the class of 
[wo]. Under this isomorphism the class of A^ goes to the class of [uji\. Since 1, Ai, A2, A3 form a basis in the 

Milnor ring, classes of [wq], . . . , [1^3] form a basis in Gq/9Gq. This implies the statement. ■ 

4.2.3 Lemma, (i) Elements [wq], ■ . . , [1^3] freely generate in G^ an Ow -submodule H^ of rank 4; 
(a) The following identities hold 

e''de[iOi]=Q[i02]+9[uJi] 
e^de[i^2] = 3[tj3] + iqlujo] + 2e[uj2\ 

and therefore H^ is a 'Vw -submodule; 
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(Hi) Gf = Hf. 

(iv) The connection matrix in the basis [ojq] , • . . , [ws] takes the form 



^ + aJ?. 



whe 



An 



/ 3g \ 

3 3<7 

6 

\ 3 / 



and 



^no — 



/ \ 

10 

2 

V 3 y 



Proof, (i) By Lemma [4.2.21 [ujq], . . . , [^3] are linearly independent in Gq, and hence also in G^ and G-^ . 
Therefore, they generate a submodule of rank 4 in G^ (and in G-^). 

(ii) Because of the natural isomorphism G^ — ?> G-^ we can check these identities in G^ . 
First, note that the following identities hold in the ring of functions on U 

/ = 3Ai - 2Ai/;,^ - A2/i, 

AiAi = 2A2 + Ajf^^ 

A1A2 = (A3 +q) + A2(Ai/^^ + A2/^^ - A3/^3) 

A1A3 = qAi + A3(Ai/^^ + A2/^, + A3/;,3) - g(Ai/^^ + A2/^, - A.f'^J. 

These identities can be checked by direct computations. 
Using the first identity we get 

0^de[ujo] = [/wo] = [(3Ai - 2Ai/^^ - A2/;,Jl.o] = 
3[Aiwo] - mifk^^o] - [A2/i,c.o]. 

Applying Lemma 14.2.11 we get 

Using the first two identities and Lemma r4.2.1l we get 

0^de[tJi] = [/Aic^o] = [6A2c^o + Ajf'^^uo - AiA^I'aM = ^[^2] + 0[ui]. 

The remaining two formulas are obtained analogously. 

(iii) Since H^ and G^ are Ovi^-coherent Pw-modules of the same rank, they coincide (as in the proof of 
Lemma I4.1.3P . 

(iv) It follows from (ii). ■ 
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4.2.4 Lemma. The classes [ujq], . . . , [^3] form a C[9]-basis in Gj^. 

Proof. Let Hq be the O^i -submodule of Gg generated by [wq] , . . . , [ws] . We have the short exact 
sequence of O^^i -modules 



O^H^ ^gI^QI^ 0, (4.5) 

Since QqiaI-Io) ~ '^ ^y Lcninia l4.2.3[ and Qg is finitely generated, it is enough to prove that the fiber 



and we need to show that Qg = 



at zero vanishes, i.e. Qq <Sic[0] 'C[d]/{d) = 0. 

Tensoring (|4.5p with C[9]/{9) we get a short exact sequence (tensor product is right exact) 

H!^cie] C[9]/i0) ^ Gl ^cm C[9]/i0) ^ qI ®cie] C[e]/{9) ^ 0, 
which can be rewritten as 

H^^cm C[9]/{9) ^ f]"(f/)/d/A f]"-i([7) ^ Ql<E>cie] C[9]/{9) ^ 0. 

Since classes of [ujq], . . . , [uj^] generate fl"{U)/df A fl^^^^{U), the first map is surjective. Therefore, Qg ®c[e] 
C[9]/{9) = 0, and, finally, QI = 0. ■ 

4.3 Pairing. In this section we study pairing (|2.4p in our setup. Since it will make no difference here, 
we are dropping the subscripts in the notation of the Gauss-Manin systems, and just write G. 

4.3.1 Lemma. The V -filtration on G along {r — 0} is given by 



FoG = 0C[T]e, 



1=0 

VpG = r-P^oG, 

where e^ = r* [wi] . 

Proof. This lemma, as well as most of the results of this article, first appeared in |Smj . There the proof 
of this lemma has a mistake which is corrected here. 

It is enough to show that this filtration satisfies the conditions of Section 12.3.51 

1. Compatibility of filtrations. 

la. It is clear that T{VpG) C V^_iG, and using that dr = —9^de and applying Lemma [4.2.31 it is not 
difficult to see that dr{VpG) C Vp+iG. 

These two facts imply that {VmVA^){VpG) C Vp+mG. 

lb. It is clear that the condition rVpG — Vp^iG for p < holds. 

2. Nilpotence. Classes of r^^eg, . . . , T~Pez form a basis in Gr G. Using Lemma [4.2.31 one can see that 
in this basis the operator induced by rdr + p on Gr G is given by the matrix 

/ \ 
-3000 
0-6 
\ 0-30/ 

It is clearly nilpotent. ■ 
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4.3.2 Lemma. The pairing Sw satisfied 

5».(K1,R) M J"'"-l- H) l^^;^ ,«) 

and Swii^^o], [^3]) G t^^C 

Proof. To simplify the notation we will be writing 5* instead of Sw- By (|2.7p we know that 

5([^fc],H)er-3c[r-i]. 

On the other hand, by p.lOp we get 

S{ek,el) = r'=(-T)'5(K], H) G C[r], 

therefore ^([wfc], H) G r-('=+')C[r]. Hence 

5(K],H) = if fc + /<3, (4.7) 

5(K],H)GT-3c if fc + i = 3. 

To show vanishing in the remaining 4 cases with fc + / > 3 one just combines (12.51) and (|4.7p . Let us 
consider the case /c = 1, ^ = 3 only. Applying (|2.5p to ^([wo], ["^3]) G t^-^C and using (|4.7p we get 



= -5(3[a;i],[w3]) + 5([wo],3g[t^i]+30M) = 
= -35(M, 1;^) - 3t-^S{[ujo],W]), 

and therefore S'([cl;i], [^3]) — 0. 

Similarly one can show that S'([wo], [1^3]) = S'([ci;2], [wi]). Moreover, by (j2.6p we have ^([wo], [ws]) = 
5([l.3], Nl) and 5(M,R]) = ^(K], M). ■ 

4.4 Canonical solution to the Birkhoff problem. The problem of extending (Go, V) to P^ de- 
scribed in Section 12.31 has a canonical solution given by Hodge theory. Here we will show that our solution 
given by the basis ojq, . . . ,013 is canonical in this sense. We more or less keep notation of [DoSa2[ Sec. 5]. 
Details can be found in loc. cit. and references therein. 

It is a general fact that the vector space 

^=0 Gr^G (4.8) 

ae[o,i) 

carries a mixed Hodge structure, i.e. H has a rational structure Hq, an increasing weight filtration WtHq), 
a decreasing Hodge filtration F'H, s.t. the Hodge filtration induces a pure hodge structure of weight m on 
Gr^H for all m. 



For the function / we have 



iJ = Gr^G = ©,toCe. 

3-p 

FPi/ = 0Ce„ 



i=0 



^The overline over the second argument of Sw stresses that the element is considered as a section oi j*J-'w. Therefore, r 
and V_c)_ act with the opposite sign. 
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where abusing notation we write e.^'s meaning classes of e^'s in H. The complexification of the weight 
filtration is 

C Ceg C Cea C Cea ® Ceg C Cea © Ceg C Cei © Cea © Ceg C Cei © Cea © Ceg C iJ, (4.9) 

where the first term on the left is W^iH. The only non-trivial associated graded objects are Gtq H, Gr2 ^ 
and Grf 7J. 

In the case of the function / Saito's canonical opposite filtration (it is a filtration on H) is defined as 

From (|4.9I) and the fact that the weight filtration is stable under conjugation we have 

3 

ei=^arier, (4-10) 

r—i 

with an ^ 0. Using (|4.10p one can show that 

3-p 

^Saito = 0Ce3-. (4.11) 

i=Q 

To any solution of the Birkhoff problem one can attach a filtration H* on H by the formula 

W := Gj^ n VoG/G'^ D V-iG, 

where G^ = t^Goo- To prove that this solution of the Birkhoff problem is canonical one needs to show that 
the filtrations H' and H*^^^^ coincide. 
In our case it is easy to see that 

3-p 

i/' = 0Ce3-„ 

which coincides with (I4.11[) . Hence, our solution to the Birkhoff problem is canonical. 

4.5 Conjectural Probenius manifold. Ideally one would like to show the existence of (or to exhibit) 
a deformation of / producing a Saito's framework isomorphic to QH{Q^). We have not been able to achieve 
this goal so far. 

There is a general construction of such Saito's frameworks due to A. Douai and C. Sabbah (see [DoSal] ) 
but it requires some additional properties of / that we have not been able to check. Namely, one needs to 
show that / is Af-tame. We refer to loc.cit. for details. 

Assume that such Saito's framework (M, o, e, (7tj,i?) exists. Then the initial conditions for M at the 
origin are 

T = T,„M, U^Ao, V=-^oo + ^Id, 5c., e. 
Therefore, by Lemmas l4.2.3l and l4.3.2l we see that these initial conditions coincide with those of Section lS.l.ll 

A Proof of Lemma 14.1.11 

The proof of Lemma 4.1.1 given here has been kindly explained to us by Claude Sabbah and Andras 
Nemethi. 
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A.l Vanishing cycles. Here we recall some basic facts about functors of vanishing cycles. For a 
comlpex algebraic variety X we denote by D\{X) the bounded derived category of Cx"" -modules with 
constructible cohomology, where X°" the associated analytic space. 

A. 1.1 Functor of vanishing cycles. Let X be a complex algebraic variety and g: X ^ K\ a, mor- 
phism. The functor of vanishing cycles to the fiber over of the morphism g is denoted ^g. If one considers 
the fiber over a, then one shifts g and considers $g-a- 

If we denote Xq the fiber of g over 0, then the functor of vanishing cycles to this fiber is a triangulated 
functor 

^g:Dl{X)^Dl{Xol 

i.e. it maps distinguished triangles to distinguished triangles. See [Di] for a precise definition. 

Below we collect some basic properties of these functors. They are standard and can be found in [Dij . 

A. 1.2 Proper morphism. Let ir: X ^ Y he a. morphism of algebraic varieties and consider the 
following commutative diagram 




where Xq and Iq are fibers over 0. Naturally one can attach to it the diagram of derived categories and 
functors between them 






Dl{X) 



Rt!-, 



— Dl[Y) 

Fact: if vr is proper^ then the above diagram is commutative (e.g. this is true if tt is a closed embedding). 

A. 1.3 Restriction to an open subset. Let t/ C X be an open subset and let j be the natural 
inclusion. We have a commutative diagram 




with C/q and Xq being fibers over 0. Consider the associated diagram of derived categories and functors 
between them 



DliUo) 



Dl[Xo 



D'ciU) 



Dl{X) 



Fact: the above diagram is commutative. 
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A. 1.4 Duality. For any complex algebraic variety Y there exists a functor Dy : D^{Y) — > D^{Y) 
defined by 

By{T') := miom{T\ujY). 

where ujy is the dualizing complex. It has the property Dy oDy ~ lAj^biy)- Moreover, this functor restricts 
to £)J(y) and we will use the same notation for this restriction. If we do not want specify the space, we will 
just denote it D. 

One can show that the following properties hold: 

1. For an arbitrary morphism /; X — s- y of algebraic varieties we have 

Dy o Rf, o Dx ^ Rh 

and 

i?/, ~Dyoi?/!oDx. (A.l) 

One can be obtained from the other using D o D 2± Id. 

2. If g: y ^> A^ is a morphism, then there exists a non-functorial isomorphism 

T>o^g{T')^{^goT>{T'))[-2]. (A.2) 

3. Duality commutes with restriction to an open subvariety 

4. If y is smooth, then 

wy ~Cy[2dimy]. (A.3) 

Hence, Dy(Cy) ~ Cy[2dimy]. Here diniF is the complex dimension. 

5. The functor D preserves the support. 

A.2 Setup I. Let X be smooth complex algebraic variety, U an open smooth subvariety, and Z the 
complement to U . Let / : X — ;• A^ be a proper morphism. Then we have a commutative diagram 

U — ^ X ^ — Z (A.4) 

fu X y >^ f^ 
Ai 

(i) By (jA.l[) we have the isomorphism 

i?j,(C[/)^Dxoi?J!oD[/(Cc/). 

Applying $j to both sides and using (JA.3P we get 

$j o Rj^ (C(7) ~ $j o Dx o i?j! (Cc [2 dim U]). 

Using (jA.2[) we can rewrite it as 

^joRj,{Cu) ^ (Dxo$joi?j,(Cc/[2dim[/])) [-2]. 

If the support of the compl ex <I>j o Rj\{Cu) is contained in U, then the same is true for $y o Rj^,{Cu) 
(cf. Property 5 from Section |A.1.4[) . Therefore, it does not matter which one to consider for cohomological 
tameness, since we are interested only in the support. 
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(ii) There exists a standard short exact sequence (see |Haj . Chapter II, exercise l.lQ.c) 

-> RjfCu -^ Cx -^ i*Cz -^ 0. 
Applying <I>j to it we get a distinguished triangle 

<PjoRj,{Cu) -^ <^j{Cx) -^ $jo i,(Cz) ^ $jo i?j,(C£/)[l]. 
Since i is proper, we can rewrite it as 

<i>joRj,{Cu) -^ ^j{Cx)^lo^jJCz) ^ $joi?j,(C[/)[l], 

where i: Zq ^ Xq is the natural closed embedding. 

In the future applications we will need to prove that $jo Rj\{Cu) is supported on Uq- This would follow 
if we prove that $j(Cx) is supported on Uq and ^-^^^^(C^) has empty support (since i* does not change 
support). 

Complexes ^-^(Cx) and ^j^-{Cz) compute vanishing cycles of / and fz with values in Cx and Cz 
respectively. Therefore, their support can be computed geometrically. 

A. 3 Setup II. It is clear that proving cohomological tameness of (|4.ip is equivalent to proving coho- 
mological tameness of 

2 

g{x,y,z) = y(z + l) + 



{xy- l)z 

Here x,y,z are coordinates on A'^ = Spec {C[x , y , z]) and g is defined on [/ C A^ given by the equation 
{xy — l)z ^ 0. By a simple computation of partial derivatives one can see that all critical points of g lie in 
the subset {xy — z — 1 = 0}. 

Consider the map U ^i- U x Aj given by the graph of g and denote its image Tg C C/ x A^ . Further, 
consider the natural embedding oi U x Aj into A"^ x A^ C (P^)'^ x A^. Let Tg be the closure of Tg in 
^pi^3 ^ ^1 Thus, we have a commutative diagram completely analogous to (|A.4p 

Tg\Tg (A.5) 




where g is induced by projection (P^)^ x A^ — > Aj , and we will identify gjj with g. 
It is easy to see that Fg C A"^ x A^ is defined by the equation 

2 

[xy - l)z 

and Tg C (P^)"^ x A^ is given by the homogeneous equation 

xqZi [xiyi - xoyo) [j/i (zi + zq) - tyQZo] + qz^xjy^ = 0. (A. 6) 

A. 4 Open cover. Consider an open cover of (P^)"^ x A^ by 8 open subsets 

Vij,k = {xiyjZk ^ 0}, 

each of which is just A^ x Aj . As standard local coordinates on these open subsets we will be always using 
fractions ^^^, ^^^, -^^^ and t (in the subscripts here we mean mod 2 sum: 1 + 1 =0). 

On each Vij^k one can write down equations of Tg n Kj.fc and Tg D Vi,j^k in terms of local coordinates 
and we will be referring to these equations simply as "equation of F^ in the chart Vij^k" and "equation of 
Tg in the chart V^j^fc" respectively. 
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A. 5 How to compute (I>g-(Cp )? Decompose Tg into the disjoint union 

Tg^WUS, 

where S is the singular locus of Tg and W is the smooth locus; S' is a closed subvariety of codimension at 
least 1, W is open in Tg and smooth. 

According to Section |A.1.3[ computing vanishing cycles commutes with restriction to an open subset, 
and therefore, to investigate the support at points of W, we can restrict to it from the beginning. Since W 
is smooth the support of $g(Cx) can be non-zero only in singular points of fibers of gi^ (by the implicit 
function theorem). Thus, on W we just need to worry about critical points of giw 

There exists a decomposition into disjoint union 

(pi)3xAi = FoAoU{a;oyo2o-0}. 

A. 5.1 Lemma. Let Q £ Tg be a smooth point, i.e. Q G W. If Q E {xoyozo = 0}, then Q is not a 
critical point ofgiyy. 

Proof. Consider a chart Vi_j^k and temporarily denote the local coordinates just by x, y, z. Let 
P{x, y, z,t) — be equation (jA.6|) written in these coordinates. 

In this notation the intersection Vij,k fl 5* is defined by the system 

xoZi{xiyi - xayo)yoZo = (A. 7) 

Pa;{x,y,z,t) = 
Py{x,y,z,t) = 
Pz{x,y,z,t) = 
P{x,y,z,t) =0, 

where we have written the first equation, which comes from the derivative with respect to t, in the original 
homogeneous coordinates. 

On the other hand, the intersection of the fiber of g over the point d E A] with Vi,j^k is given by the 
equation P{x, y, z, d) = 0. Therefore, on Vij^k the singular locus of this fiber is given by the system 

P,{x,y,z,d)^0 (A.8) 

Py{x,y,z,d) = 
Pz{x,y,z,d) = 
P{x,y,z,d) = 0. 

From (|A.6|) it is easy to see that if a point Q G {xqJ/o-^o = 0} with coordinates (a, b, c, d) satisfies (|A.8p . 
then it satisfies it for arbitrary d, i.e. we get singular points simultaneously in all fibers. Thus, on the locus 
{xoyoZQ = 0} systems (jA.8|) and ()A.7|) coincide. 

Therefore, if Q G {a^oyo^o = 0} is a smooth point of Tg, then it is also a smooth point in the respective 
fiber ofg (and g^^). ■ 

A. 5. 2 Strategy. In the rest of this section we will treat points in Vo,o,o and in {xoj/o^o = 0} separately. 
In the latter case, by the above lemma, it is enough to look at vanishing cycles at singular points of Tg . 

A. 6 Chart Vb.o,o- Recall that Tg C Vb,o,o and in this chart we need to prove that the support is 
contained in F^. In this chart Fg is given by 

z{xy - l)[y(l + z)-t] + qx'^ ^0 
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and Tg is defined by the intersection with z{xy — 1) 7^ 0. Consider functions 

Xi = X (A. 9) 

yi = y{^ + z)-t 

zi = z{xy - 1) 
ii =t. 

Computing the Jacobian we get 

J = xy — z — \, 

and hence on the complement to the closed subset \xy — z — 1 = 0} formulas (jA.9[) define a new coordinate 
system. Notice that (Fg \ Fg) n l/o,o,o lies in this open set. 
On this open set the equation for Fg can be rewritten as 

2/1 zi + qx" = 0, (A.IO) 

and hence the restriction of g to this open set is a projection and therefore has no vanishing cycles. Thus, 
we conclude that in this chart all vanishing cycles of g with coefficients in Cp live in Fg. 
Using (|A.10p it is easy to see that 

Vo,o,o n 5 = {x = 0, z = 0, y = t). 

As we will see in the next section the singular locus S consists of six disjoint lines. 

A. 7 The set [x^y^ZQ = 0}. To check vanishing of stalks of ^-g{^x) at points of S we will be restricting 
to different charts and work in local coordinates. The whole chart Vo.0,0 has already been considered. Hence, 
there are 7 charts left to be checked. Moreover, it is easy to see that for charts Vi,o,0; ^0,0, i' ^,i,i' ^1,1,1 ^^^ 
set S n Vij-.fc n {a^oJ/o-Zo = 0} is empty, where S denotes the singular locus of Fg. Therefore, we only need to 
look at the remaining three charts. 

A. 7.1 Chart Vb,i.o- In this chart the equation of Fg takes the form 

z{x - y'){[z + 1) - y't\ + qx^y'^ = 0. (A.ll) 

Finding singular points of Fg with y' = (we need to check only them) we get that there are two singular 
lines given by 

x = 0,y' = 0, z = (A.12) 

X — 0, y' — 0, z = —1. 

By computing the Jacobian it is easy to see that functions 

xi=x, 2/1=2/', zi = (1 + z - ty')z, ti = t. (A. 13) 

form a coordinate system in a neighborhood of (jA.12[) . In terms of these coordinates (jA.lip takes form 

zi(a;i - j/i) + qx\yl = 0, 

and is independent of t. Hence, there are no vanishing cycles. 

The chart Vl,i,o can be treated similarly just replacing x by x' everywhere. 
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A. 7. 2 Chart l^i,o,i- This is the only case where the argument is a bit more involved. In this chart the 
equation of Tg takes form 

x'{y - x')[y{l + z') - tz'\ + qz'"^ = 0, 

and the singular locus with x' — and z' = is the line 

x' = 0, J/ = 0, z' = 0. 

It is not clear if one can find such a simple argument via coordinate changes as above. Therefore, we proceed 
differently. 

For each value of t the fiber over it has an isolated singularity at the origin, and we need to prove that 
there are no vanishing cycles to this point. Note that the family is of the form 

a{x', y, z') + t(3{x', y, z') = 0, 

where 

a{x' , y, z') = x'{y - x')y{l + z') + gz'^ 
I3{x',y,z') = -x'{y-x')z'. 

According to Corollary 2.1 of [Paj . if this family of isolated hypersurface singularities is /i-constant (i.e. 
Milnor numbers coincide for all fibers), then it is topologically locally trivial over the base. In particular, 
this implies the absence of vanishing cycles. 

Let us compute the Milnor numbers. Consider the polynomial P{x' , y, z') = x' {y—x')[y{l + z') — tz']+qz''^ . 
Its partial derivatives are 

P.,, = {y-2x')[y{l + z')-tz'] 

Py = x'[y{l + z') - tz'] + x'{y - x'){l + z') = x'[{2y ~ x'){l + z') - tz'] 

P,.=x'{y-x')[y-t]+2qz'. (A.14) 

By definition the Milnor number is 

^Ji = dime {<C{x',y,z']/{P^,,Py,P,,)) , 

and we need to show that it does not depend on t. 

From (IA.14P we see that 2qz' = —x'{y — x')[y — t] in the quotient C{x' , y, z'}/{Px', Py, Pz')- Hence, the 
latter can be rewritten as 

C{x\y}/{h-,Py), (A.15) 

where 

~ , I,, , x' (y — x')\y — t] ^ x' (y — x')\y -- t], 
P^, = (w - 22;' V 1 — -) + t—^ — -] 

Py = x'[i2y-x')ii-'''^y-^^^^y-'^)+/^y-''^^^y~\ 

Note that we can write 

Px' — fif2, Py ~ fsfi, 



where 



A = (, - 2x'), /. = [,(1 - "'(^-g[^-^] ) + t:f:fc^k^] 
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It easy to check that any pair out of /i, /2, /s, fi forms a coordinate system around the origin in the x' , y- 
plane. Let u — fi,v — f2 be such a coordinate system. Then (jA.15[) can be rewritten as 

C{u,v}/{uv,Py), (A.16) 

where Py is written as a power series in u and v; it starts from terms quadratic in u and v, since Py = fsfi- 
Moreover, as a vector space (|A.16p can be further rewritten as 

C{u}/{u^)(BC{v}/{v^). 

Thus, 

and is independent of t. 

A. 8 Computation of ^j^.{Cz)- Recall that Z ^Tg\Tg and Tg C (P^)^ x C is given by the homo- 
geneous equation 

xqZi {xiyi - xayo) [yi (zi + zq) - tyozo] + qzgxfyf^ = 0. 

The subvariety Tg is defined by additionally putting 

xoyozo 7^ 

ziixiyi -Xayo) ^ 0. 

Thus, Tg \ Tg is defined by the system 

xqZi {xiyi - xoyo) [yi (zi + zq) - tyoZo] + qzgxfyl = 
xoyozoziixiyi - xgyo) = 0. 

This system is equivalent to 

XoZiyi{xiyi - xoyo){zi + zq) + qz^xjy'^ = 
xoyozozi{xiyi - xoyo) = 0, 

which is independent of t. Therefore Z = Tg\Tg is a. product and ^goii'Cz) has empty support. 
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